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Abstract 
The primary objective of this work is to study a new method for 
completely force balancing a four-bar linkage. 
This method, herin referred to as the " Method of Linearly 
Independent Vectors" (LIV method) , is shown to permit the complete force 
balancing of certain planar linkages. 
It consists of writing the equations describing the pos"ition of the total 
mechanism center of mass in such a way that the coefficients of the time-
d~pendent terms may be set equal to zero. In this way, the total center of 
mass can be made stationary, and the shaking force vanishes. 
Theoretical analysis as well as experimental results are presented in 
this paper for a four-bar linkage with arbitrary link mass distributions. This 
method allows both in-line and off-line mass distribution ( i.e., the center 
of mass of the link is on , or not on the line of pivots ) . 
In this project, the vibration response chassis was used to illustrate the 
,. force balancing of a four-bar linkage by the method of linearly independent 
vectors in order to measure the relative change in shaking forces. The frame 
·- .. " 
of this vibration chassis is restricted to vibrate in one degree of freedom and 
the acceleration of the frame due to the shaking force was measured. The 
tests results show that the maximum accelereation of the frame without 
counterweights was reduced by 48.4% for the case of the in-line mass center 
linkage, and 56.8% for the case of the off-line mass center linkage when the 
specified couterweights were installed. 
• 
() 
,._ 
Another objective in this project is to verify the "Mechanical Linkage 
Balancing Computer Program". This program generates counterweight 
information to optimally reduce both shaking forces and shaking moments 
' 
of a variety of mechanical devices. The accuracy and ability of this 
program were checked by entering the mechanical properties of the defined 
links as the program inputs. The Verify Properties function of the 
Unigraphics II software pakage are used to determine the phisical properties 
of entities such as mass, center of mass, and moment of inertia. 
The acceleration of the frame was reduced by 44. 7% for an in-line mass 
center linkage and 46.9% for an off-line mass center linkage with the 
specified couterweights which angular dimensions and mass-center products 
were generated by the computer balancing program. 
Comparing the · two methods, the results of the four-bar linkage 
balancing experiments show that the Linearly Independent Vectors method 
has reduced the vibration magnitute of the response chassis 18% more 
than that of the Mechnical Balancing Program. However, the computer 
program has the capability to optimally balance th~ mechanism such that 
/ 
/ 
both the shaking force and shaking moment are minimized. This feature 
.. . ~ 
results in· a reduction of the forces transmited to each of the fixed pivots, 
i.e., the reactions on the moving hinges. 
(} 
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lndroduction \ 
Whenever an unbalanced linkage must run at high speed, or containes 
massive links, both a shaking force as well as a shaking moment are 
transmitted to its surroundings. These disturbances cause vibrations, noise, 
wear, and fatigue problems, and therefore limit the full potential of many 
machines. This paper will study a new and practical approach to the 
-
complete elimination of the shaking forces of a four-bar linkage using. -~the 
\ 
"Method of Linearly Independent Vectors " ( LIV ) [4]. 
In contrast to the partial balancing of the shaking force which removes 
all or part of certain harmonic components, complete force balancing need 
only be concerned with the position of the total center of mass. The 
method of Linearly Independent Vectors is to make the total center of mass 
of a mechanism stationary. This is accomplished by redistributing the 
masses in such a manner that the coefficients of the time dependent terms 
of the equations describing. the total center of mass trajectory vanish. 
This method has been applied to a four bar linkage mechanism. An 
experiment was performed to verify this balancing method on a four-bar 
linkage which could vibrate in one-degree of freedom. From this theory, 
when the mass distribution of one link is given, the mass moment and the 
angular location of the C.G. for the other links are determined. Therefore, 
the equations can be used to design a force balanced linkage. 
More frequently, the equations can be used to determine the size and 
location of counterweights which must be provided to a given unbalanced 
3 
.. 
\ 
\ 
\. 
, 
mechanism to reduce the shaking force. 
This project also verified the accuracy of the Mechanical Linkage 
Balancing Computer Program[6]. This program can assist machine designers 
by providing counterweights and their positions to optimally reduce the 
shaking force and shaking inertial moment as well as the forces trasmitted 
to each of the fixed pivots. The mechanical properties of the individual 
links of the four-bar linkage were defined in the CAD system by using the 
Unigraphics II software pakage on a machine DEC VAXll/8300. The 
counterweights and their location dimensions were made according to the 
program outputs. Tests with the mass center of the connecting rod in-line 
and off-line were generated in this project. The acceleration of the frame 
due to the shaking forces could then be measured to determine the relative 
imbalances. 
' 
4 
, 
The Theory of Complete Force Balacing Method. 
The method which has been called the "Method of Linearly 
Independent Vectors", is to make the total center of mass of a mechanism 
stationary. This is accomplished by redistributing the link masses in such a 
manner that the coefficients of the time-dependent terms of the equation 
describing the total center of mass trajectory vanish. 
It has been found that this only becomes possible when the foregoing 
position equation is written in such a form that the time-dependent unit 
vectors contained within this equation are linearly independent. This 
method has been applied and illustrated for a four-bar linkage in tl1is 
project. 
1. ) Derivation. 
Fig. 4 shows a four-bar linkage which contains links with arbitrary 
mass distributions. The total center of mass 5 of the mechnism may be 
defined by the position vector T ( see Appendix A for Nomenclature ) : 
T., 1 3 ME 
i=l 
m. ,. 
I I ( 1 ) 
where the total mass is : 
M 
) 
( 2 ) 
5 
\ 
I 
) ; 
With the referen .. ~e origin o taken as the crank pivot A 0 , the position 
vectors of the individual link centers of mass are given by : 
'Y1 = r1 e 
i( <P1 +01) 
( 3 ) 
i84 i( </>3 +83) 
a 4 e i · r 3 e 
Upon substitution, equation (1) may be written as: 
( 4 ) 
'f..:J 
Th . itf>1 it/>2 i</>3 h l . e unit vectors e , e , and e are related by t e oop equation : 
0 ( 5 ) 
This indicates that the time-dependent terms in equation ( 4) are not 
linearly independent. However, if one of the unit vectors of equation (5) is 
solved for (such as ei</> 2 ), and its equivalent is substituted into equation (4), 
. 
then the desired linearly independent combination of time-dependent terms 
is obtained : 
6 
() 
.. 
/ ", ', 
J-. \ 
' ,,., 
M,, ( 6 ) 
The foregoing expression shows that the total center of mass S can be 
made to be stationary at : \ 
,. 
If the following coefficients of the time-dependent terms vanish : 
Equation (8) can be simplified by noting the kinematic identit)r . 
ill 
which leads to : 
7 
. , 
I 
( 7 ) 
( 8 ) 
( 9 ) 
(10) 
(11) 
'I 
\ 
' 
Finally, the conditions for total force balance· of a most general four--
bar linkage can be stated with the help of equations ( 11 ) and ( 9 ) : 
and (12) 
and (13) 
, 
Equations (12) and (13) imply that whenever the mass and the 
location of the center of mass of one of the links of the mechanism are 
prescribed, then the mass distribution of the remaining two links can be 
rearranged for full balance. 
D 
' \, 
Equations (12) and (13) also imply the existence of a semigraphical 
solution. For example, if the properties of link 2 are prescribed, then the 
angle e1 and e3 may be found. This determines the lines on which the 
center of mass of links 1 and 3 must be placed. 
2.) Design Equations. 
The equations described above can be used to design a force-balance 
linkage. More frequently, the equations will be used to determine the size 
and the location of counterweights which must be added to a given 
unbalanced mechanism in order to eliminate the shaking force. For the case 
8 
\ 
. ( 
in which the geometry of all the links of a four-bar linkage is prescribed, i.e., 
the links themselves may not be altered, an equivalent result may obtained 
by the addition of counterweights constrained to move with any two links. 
Generally, it is most advantageous to choose the input and output links. 
In order to obtain expressions for the magnitudes and positions of the 
counterweights of the chosen link i, it is necessary to maintain the following 
vector equality ( see Fig. 5 ) : 
i (}. 
I m. r. e 
l I 
·9° ·9* I • I • 
0 0 I * * 1 m. r. e + m. r. e 
I I l l 
where: mf rf, ef are the parameters of the unbalanced linkage ; 
miri, Bi are the parameters of the counterweights; 
(14) 
mi ri, ei are the parameters resulting from equations (12) and (13). 
In addition, it is generally also necessary to satisfy the second 
condition of static replacement; i.e., 
m. 
I m? + m~ I I (15) 
For design purposes, equation (14) is solved for the mass-distance 
products and the position angles of the counterweights : 
* * ( ( )2 ( 0 0)2 O O ( 0) )1 / 2 m1• r1• = m.r. + m. r. - 2 m.m. r.r. cos o. - e. 11 11 I 111 I l 
tan 8~ -
I 
• m. r. sin fJ. 
I l I 
m . r. cos 9. -
l 1 1 
0 O· • ( fl m. r. sin 1,.1 
I I I 
0 0 m. r. cos fJ. 
I 1 I 
9 
,. 
(16) 
(17) 
\ 
.I 
' .. 
\ 
Experiment 
1. Mechanism Description 
The mechanical device for this project is a four-bar mechanism which 
is the simplest closed kinematic chain of hinged links with a single degree of 
freedom, Figures 1. and 2. A speed controled motor drives the four-bar 
linkage which is mounted in a rigid frame. This configuration was selected 
as the best device to carryout the machine simulation because more 
complex mechanisms can be built up by using one four-bar mechanism to 
drive one or more others. 
The S·upporting frame was made of 2 x 6 inch steel channel with 
5/16" plate welded on the ends to insure rigidity. The crank and follower 
are each formed by 3/4 inch thick steel plates. Both in-line and off-line 
center of gravity connecting rods were used ( i.e. where the C. G. of a link 
lies on or off bar axis ). Special counterweights were designed which 
enabled both radial and angular dimensional adjustments to be made 
for complete force balancing. Thus the center of mass could be arbitrarily 
located on the link. Threaded shafts in the pivot ends of the crank and 
follower allow easy placement an.cl change of counterbalance weights. 
The chassis was mounted to pivot at the base of the motor end of the 
frame and was supported by industrial machine mounts at the other end. 
The mounts acted as springs which flexed in response to the shaking forces 
of the machine. 
10 
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An accelerometer was mounted on the frame such that it was in line 
with the motion of the frame ( i.e. perpendicular to a line from the pivot 
point), Figure 3. 
The drive system cunsists of a Woods , 1/3 HP, AC, synchronous 
motor and an E-Trol SCR controller which enabled speed adjustments to be 
varied between zero to 2400 RPM in either direction. 
The speed of 360 RPM was selected in this project. This speed 
provided enough vibration amplitude to generate a clear signal from the 
accelerometer while not permmiting the frame to vibrate at its natural 
frequency. 
The sketches of four-bar linkages with the in-line mass center and off-
line mass center connecting rod are shown in Fig. 1 and Fig. 2. 
2. Instrumentation Settings 
A single accelerometer is used to measure the acceleration of the 
vibration response chassis. The signal from the accelerometer could then be 
sent to an osilloscope to determine the maximum acceleration of the frame. 
To obtain an usable signal from the accelerometer, the signal is first 
amplified and then put through a low pass filter. The filter smooths the 
signal by eliminating the high frequency mechanical and electrical noises. 
The signal then goes to the oscilloscope which traces the voltage output 
over time, Fig. 3. 
A plot of the frame acceleration is taken to record the results of 
11 
,.. 
() 
... 
vibrations of the chassis under different conditions. 
Graphs 1· - 7 are traces of the output voltage from the accelerometer 
versus time. All traces are graphed with the instrumentation at the 
following settings : 
Accelerometer Amplifier 100 X 
Signal Filter ( low pass ) 50 HZ 
Oscilloscope : Scan Time 50 ms/div 
Amplitude Scale 50 mv/div 
3 . Testing Procedure 
The link dimensions and masses of an unbalanced four-bar linkage were 
defined. The LIV method was then used to establish the magnitude and 
location for counterweights which were then added to the crank and 
follower to improve the machine's dynamic balance. This procedure was 
,ii. 
performed for the unbalanced linkage system with both in-line and off-line 
center of mass, Figs. 1 and 2. 
1.) The first experiment performed on the vibration response chassis is 
to illustrate the LIV method applied to the in-line mass center linkage. 
Table 1 gives the relevant properties of the unbalanced linkage. The 
l~ 
,.1 
magnitudes and the positions of the steel counterweights are calculated in 
12 
Appendix B and the results of these calculations are listed \in Table 2. 
Table 1. Parameters of Unbalanced Four-Bar Linkage 
Links 
Crank 1 
Con.Rod 2 
Follower 3 
ai (in.) 
2.000 
15.125 
4.000 
rf (in.) 
.21231 
7.5625 
1.1874 
Bi ( deg.) 
0.00 
0.00 
0.00 
' o(. ) r. 1n. 
1 
7.5625 
er 0 (dcg.) 
180.00 
180.00 
lb0.00 
Table 2. Parameters Caculated for Balanced Linkage 
Links 
Crank 1 
Follower3 
,. 
.01031 
.02062 
o.(deg.) 
l 
0.00 
0.00 
m~r~(lb-in) O~(deg) m~(lb.) 
1 1 1 1 
.01638 0.00 .003014 
.04512 0.00 .010427 
mi (lb.) 
.02862 
.01031 
.02063 
R. (in.) 
1 
2.282 
4.325 
2:) The second experiment illustrated. the LIV method as applied to the off-line 
mass center linkage. The connecting rod was redesigned and built to accommodate 
the off-line mass center link. Table 3 gives the parameters of the new unbalanced 
linkage. The properties of the couterweights are listed in Table 4. The 
calculations are shown in Appendix B. 
13 
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Table 3. Parameters of Unbalanced linkage 
Links 
Crank 1 
Con.Rod 2 15.125 
Follower 3 4.000 
rf (in.) 
.2123 
7.7774 
1.1874 
13.50 
0.00 
' 0(. ) ri 1n. 
7.7774 
0 er ( deg) 
180.00 
166.50 
180.00 
Table 4. Parameters Caculated for Balanced Linkage 
Links 
Crank 1 .02514 
Follower 2 .05028 
166.5 
193.5 
m~r~(lb-in) 
l I 
.0310 
.0741 
er(deg) 
169.10 
189.10 
3.) Mechanical Linkage Balancing Progam Verification 
mi(lb.) 
.0184 
.0184 
m?(Ib.) 
I 
.02862 
.02445 
.02063 
4.020 
' 
• 
The last experiment performed in this project verified the Mechancal Linkage 
Balancing Program[6]. This program provides counterweight masses and locations 
to optimally balance the shaking force and shaking rr1oment. 
The Mechanical Linkage Balancing Progam requires three properties of each 
rigid member of the linkage ( i. e. crank, connecting rod, and follower ) to 
generate optimal counterweight size and position data. The properties required for 
this program are mass, location of mass center, and rotational moment of inertia 
about the mass center. 
The configuration and properties for both in-line and off-line mass center 
linkages were entered into the program. The following properties of couterweights 
{\ 
.... .I 
were generated by the balancing program : 
14 
Table 5. Mechanical Properties of Links 
(in-line mass center) 
Links Mass Center of Mass Angular Dem. Moment of Inert. 
Crank 1 .0286 lb. 0.2123 in. 0.0 deg. .02295 lb-in. 
Conn. Rod 2 .0206 lb. 1.1874 in. 0.0 deg. .08312 lb-in. 
Follower 3 .0103 lb. 7 .5625 in. 0.0 deg. .43232 lb-in. 
( off- line mass center ) 
Crank 1 same as above 
Conn. Rod 2 .0245 lb. 7. 7774 in. 166.5 deg. .11653 lb-in. 
Follower 3 same above 
Table 6. Mechanical Linkage Balancing Program Outputs 
Links 
Crank 1 
Follower 3 
Crank 1 
Follwer 3 
mi(lb.) 
.0030141 
.0104272 
.01840 
.01840 
.. ( in - line; mass center ) 
ri(in.) 
1.3806 
3. 7673 
( off - line mass center ) 
15 
1.9500 
1.1125 
.. 
(}~ (deg.) 
I 
0.00 
0.00 
166.9 
182.4 
\ 
I 
3. Results Analysis \ 
Graphs 2 through 7 are traces of the output voltage from the accelerometer 
versus time. 
According to the inst1·umentation settings, the vertical scale of the 
osciloscope trace represents acceleration of the frame vibration. Each major 
division defined is equivalent to .05013 g's. The ten divisions of the horizontal 
scale represent 2.83 revolutions of the crank. 
Table 7 gives the maximum chage in term of G's: 
Table 7 Experimental Results 
Graph# 
, Counterweights 
Max. change G's 
% reduction 
Graph# 
Counterweights 
Max. change in G's 
% reduction 
in - line mass center 
2 
NON 
.1360 
0% 
off line mass center 
5 
NON 
.1510 
0% 
3 
LIV 
.0702 
48.4% 
6 
LIV 
.0652 
56.8% 
~ 
"'I,,, ... , 
4 
MBP 
.0752 
44.7% 
7 
MBP 
.0802 
46.9% 
// 
ii 
The accelerations caused by the unbalanced shaking forces of the linkage were 
reduced by 48.4% for the case of in-line mass center linkage and 56.8% for the 
(1: 
'\. ,, 
case of off-line mass center linkage with the counterweights determined by the 
16 
' 
,,-.,.?" 
/ 
LIV method at the running speed of 350 RPM of the machine. 
In the Mechanical Balancing Program (MBP) verification experiment, the 
... 
accelerations of the response chassis were reduced by 44. 7% for the case of in-line 
mass center linkage and 46.9% for the case of off-line mass ce:µter linkage. It 
shows that the Linearly Independent Vectors methocY may have more potential for 
vibration reduction than the Mechanical Balancing Program. 
It was found that the computer program generated counterweights with 
smaller angle dimensions and mass-distance products than were generated by the 
LIV method. However, the Mechanical Balancing Program reduced the shaking 
force as well as the shaking moment of the machine. Graph 8 shows the moment 
reduction of the linkage by the additional counterweights. The reduction in the 
shaking force and shaking moment also resulted in the reduction of reaction forces 
acting on the linkage pivots. 
() 
,, 
,. -
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Conclusion 
From this project, certain conclusions concerning the method of Linearly 
Independent Vectors may be drawn : 
1. Since the center of mass of the entire mechanism is kept stationary, full 
• 
force balance is maintained regardless of variation of input speed. The shaking 
force can be made to vanish by the Linealy Independent Vectors method. 
2. This project was able to show, for a four-bar linkage, that the masses of 
arbitrarily shaped links can be redistributed in such a way that the total center of 
mass of the mechanism becomes stationary. Link masses lying off the joint-to-
joint axes can be employed without restrictions. 
3. Although the Linearly Independent Vectors method ensures that the 
vector sum of the forces acting on the mechanism frame vanish at all times, the 
individual force components in the horizontal and vertical directions are 
nevertheless finite and time varing. Hence, each of the linkage supports at the 
frame is individually still being subjected to a cyclic shaking force. The magnitude 
of these forces may actually be greater than the magnitude before balancing, due 
to the added counterweights. 
/ 
4. The LIV method of complete force balancing does not eliminate the cyclic 
rocking moment acting on the frame due to the equal but opposite vertical force 
components acting at the linkage supports. This shaking 
be greater than that of the unbalanced case. 
moment may actually 
5. Finally, the ability of the Mechanical Balancing Program to optimally 
18 
' '/ 
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, 
position counterweights to reduce both shaking forces and shaking moment~ was 
verified. The computer generated solution was not as successful as the LIV 
method of reducing chassis vibration. However, due to the smaller counterweights 
mass and distant product, and the smaller angular dimension indicated by the 
balancing program, the reaction forces at the linkage pivots were smaller than 
those generated by the Linearly Independent Vectors method. 
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Appendix A \: Nomenclature 
i = ( 1, 2, 3 ) = numeral designating link 
a. = pivot-to-pivot link dimension 
l 
mi = mass of link 
r., r? = link dimensions locating center of mass S. 
I I 1 
1 , = position vector of total center 0£ mass S, taken with respect to reference 
• • 
or1g1n o 
'i = position vector of center of mass taken with respect to reference origin o 
Bi, O{ = link angular dimensions locating center of mass Si 
<pi = angular position of link i, taken with respect to x - axis 
M = total mass of moving links of 1nechanism 
ri, B1, m{ = parameters of the counterweights 
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Appendix B 
Counterweight Determination by LIV Method 
1. Linkage with in-line mass center 
Required balancing condition : 
m 1 r1 = m~ r~ !~ = ( .01031 )(7.562)(1~:~g5) = .01031 lb-in. 
()1 == o; o== 7r 
o o a3 ( )( 4.00 ) I · m 3 r 3 == m 2 r 2 a 2 == .01031)(7.562 15 _125 == .02062 b-1n. 
() 3 == 0~ + 1f' == 7r 
Required counterweights for balancing : 
* * [ ( )2 ( o 0)2 o o s(O oo) ]1/2 m 1 r 1 == m 1r 1 + m 1 r 1 - 2 m 1r 1m 1 r 1 co 1- 1 
= [ (.01031)2+ (.00607)2- (2)(.01031)(.00617) cos(1r- 0) ]1/ 2 
== .01638 lb-in. 
tan-I ( 0 ) == 0 
1/2 m; r; = [ (.02063) 2+ (.02450) 2- (2)(.02063)(.02450)cos(1r-O)] 
= .04512 lb-ih. 
{\ 
'.J 
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2. Linkage with off-line mass center 
Required balancing condition: 
m1 r1 = m~ r~ ~ = (.19016){1l~g5) = .02514 lb-in. 
81 = o; 0 = 166.5° 
o o a3 ( )( 4.00 ) b · m 3 r 3 == m 2 r 2 a2 == .19016 15_125 == .05028 1 -1n. 
(}3 == (}~ + 7r == 193.5° 
Required counterweights for balancing: 
mi ri = [ (.02514) 2+ (.00607) 2 - (2)(.02514)(.00607) cos(l66.5) J1f2 
· =.03100 lb-in. 
Bi == tan- 1(-.1923) == 169.10° 
m; r; = [ (.05028) 2+ {.0245)2- (2)(.05028)(.0245)cos(l93.5)0 J1f2 
==.07410 lb-in. 
e; == tan-1(.01591) == 189.10° 
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